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It is known that in the moduli space A of elliptic curves, there exist precisely 91
-rational points corresponding to the isomorphism class of elliptic curves with
complex multiplication by the ring of algebraic integers of a principal imaginary
quadratic number field. Here, we prove that in the moduli space A of principally2
polarized abelian surfaces, there exist precisely 19 -rational points corresponding
to the isomorphism class of abelian surfaces whose endomorphism rings are
isomorphic to the rings of algebraic integers of some imaginary cyclic quartic
number fields.  2001 Academic Press
1. INTRODUCTION
Let E be an elliptic curve defined over the complex number field 
whose endomorphism ring is isomorphic to the ring of algebraic integers of
an imaginary quadratic field K. It is well known that the j-invariant of E
1 This work was partially supported by the Ministry of Education, Science, Sports, and
Culture, Grant-in-Aid for Encouragement of Young Scientists 09740004 and Grant-in-Aid for
Encouragement of JSPS Research Fellows.
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is a rational number if and only if the class number of K is equal to one.
'Ž .Since there are nine imaginary quadratic number fields K  d
 4with class number one, those with d 1, 2, 3, 7, 11, 19, 43, 67, 163 , we
deduce that in the moduli space A of elliptic curves, there are precisely1
nine -rational points corresponding to the isomorphism class of elliptic
curves with complex multiplication by the ring of algebraic integers of the
principal imaginary quadratic number fields.
Now we consider the same problem for the case of dimension two, i.e.,
for the moduli space A of principally polarized abelian surfaces. Let K2
be a quartic CM-field and let F be the maximal real subfield of K. We
Ž .consider a structure P A, C ,  formed by an abelian variety A of
dimension two defined over , a polarization C of A, and an injection 
0Ž . Ž . 1Ž Ž ..of K into End A  End A   such that  End A  o , the K
ring of integers of K.
We always assume the following condition:
 K is stable under the Rosati involution of End0 AŽ . Ž .
1.1Ž .
determined by C .
Ž Ž ..Let  : K End Lie A be the representation on the Lie algebra of
A defined by
  a  the derivation of   at the originŽ .Ž .
for any  o and a. Then there exist two injections  ,  of K1 2K
into  such that  is equivalent to the direct sum    . We put1 2
 4  ,  . Then  must satisfy the condition1 2
 4  4 ,    ,  coincides with the set of all injections1 2 1 2 1.2Ž .
of K into ,
Ž .where  denotes the complex conjugation in . This pair K ,  is called
˜the CM-type of P. We define an isomorphism  of -linear spaces by
˜ 2 1 2 : K  ,  a a , a .Ž .
For each  o , we setK
 1 0S   .Ž .  2ž /0 
Then there exist a fractional ideal  of K and an analytic isomorphism
2 ˜	:     AŽ .
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such that the following diagram commutes for any  o :K
2 	˜ Ž .    A


Ž . . 1.3S  Ž .Ž . 

2 ˜ Ž .   A
	
Ž .Take a basic polar divisor in C and consider its Riemann form E x, y on
2 with respect to 	. Then there is an element 
 of K such that
˜ ˜ E  x ,  y  Tr 
 xyŽ . Ž . Ž .Ž . K
Ž .for any x, y  K K. The element 
 must satisfy the following condi-
tions:

  
 , Im 
 i  0 i 1, 2 ; 1.4Ž . Ž . Ž .
Tr 
   . 1.5Ž . Ž .K
Ž .Then the structure P is said to be of type K , ; 
,  . Conversely for any
Ž . Ž . Ž .,  , 
 satisfying the conditions 1.2 , 1.4 , and 1.5 , we can construct
Ž . Ž .A, C ,  of type K , ; 
,  .
For any subfield L of K , one can prove that there exists a subfield ML
of  which has the property
for any automorphism  of ,  is the identity map on ML
if and only if there exists an isomorphism  of A to A such 1.6Ž .
 that  C C and        for all  L.Ž . Ž . Ž .
Ž  . Ž .M is called the field of moduli of A, C ,  . Let K ,  be the reflex ofLL
Ž . K ,  and let I be the group of fractional ideals in K . PutK
I    I   

  ,  N  for  K ,Ž . Ž . Ž . 40 K

 m  i   4 Ž .where  denotes the product Ł  if    , . . . ,  m 1 or 2 .i1 1 m
From the theory of complex multiplication, it is well known that M is theK
unramified abelian extension of K  corresponding to the ideal group
Ž . Ž .I  . But the field of moduli of A, C , which is equal to M , cannot be0 
understood only by the theory of complex multiplication. But we have the
	following by restricting to the case of principal polarizations in 3, Theo-

rem 4.12 :
Ž .THEOREM 1.1. Let K be a quartic CM-field and let A, C be a princi-
Ž .pally polarized abelian surface such that o  End A , where o denotes theK K
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Ž . Ž .ring of integers of K. Then o  End A and the field of moduli of A, CK
coincides with  if and only if the following two conditions hold:
Ž .a K has an expression of the form
'K  q  q  p t 0 ,' Ž .1 t 0ž /
Ž .'where  is a fundamental unit of F p such that   0 and0 0
p, q , . . . , q are distinct prime numbers which satisfy one of the following1 t
conditions:
Ž . Ž .a p 5 mod 8 . Moreoer if t 1, then1
p
q  1 mod 4 and 1 i 1, . . . , t ;Ž . Ž .i ž /qi
Ž . Ž .a p 5 mod 8 , t 1, q  2. Moreoer if t 2, then2 1
p
q  1 mod 4 and 1 i 2, . . . , t ;Ž . Ž .i ž /qi
Ž .a p 2. Moreoer if t 1, then3
q  5 mod 8 i 1, . . . , t .Ž . Ž .i
Ž .  t b h  2 , where h denotes the relatie class number of K.K K
	 
Remark 1.2. In the statement of 3, Theorem 4.12 , we assume the
Ž . Ž .condition 1.1 . But this is unnecessary. In fact if End A  o , then theK
Ž . Ž .condition 1.1 is satisfied and if K has an expression of the form in a ,
Ž .then K is a cyclic extension, so A is simple; hence the condition 1.1 is
satisfied.
In this paper we determine all quartic CM-fields which satisfy the above
conditions by using the lower bounds for relative class numbers of CM-
	 
fields 1 . By combining these results, we can prove that in A there exist2
precisely 19 -rational points corresponding to the isomorphism class of
abelian surfaces whose endomorphism ring is isomorphic to the ring of
integers of a quartic CM-field.
Recently van Wamelen executed a systematic numerical search for
genus two curves defined over  such that their Jacobians are simple and
have endomorphism ring equal to the ring of integers of a quartic CM-field
	 
6 . He found 19 nonisomorphic such curves and stated that he believes
that they are the only such curves. So we can prove that van Wamelen’s
conjecture is true.
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2. LOWER BOUNDS FOR THE RELATIVE CLASS NUMBER
The lower bound on relative class numbers of imaginary cyclic quartic
	 
fields obtained by Louboutin in 1 will allow us to prove that there exist
only finitely many imaginary cyclic quartic fields K satisfying the condi-
Ž . Ž .tions a and b of Theorem 1.1. Moreover we will determine them in
Theorem 3.2 below.
THEOREM 2.1. Let K be an imaginary cyclic quartic field with conductor
f and discriminant d . Let F and f denote the real quadratic subfield of KK K F
and the conductor of F, respectiely. Then, d  f 2 f  5 f 2 and we haeK K F K
2 fK Kh  , 2.1Ž .K 2 23e log f  0.05Ž .K
14'where   1 4 e d .K K
3. RESULTS
PROPOSITION 3.1. Let K be a quartic CM-field satisfying the conditions
Ž . Ž . Ž . a i 1 or 2 and b in Theorem 1.1. Then we hae 0 t 3; hence hi K
diides 8 and f  4  104.K
Proof. For t 0, let  denote the product of the first t odd primest
Ž .q 1 mod 4 . Hence,   1,   5,   65,   1105, . . . .0 1 2 3
Ž .First, assume that K satisfies condition a . In this case we have f  p1 F
Ž Ž ..and f  pq  q  f q  q . Then f   use a and d K 1 t F 1 t K t1 1 K
2 2 2 Ž .f f  5 f  5 . Using 2.1 , we obtainK F K t1
 'h 4 e 4 K t 1 u with u  .t1 tt 2 214 tž /2 3e5 ' 2 log   0.05Ž .t1 t
3.1Ž .
Since the series u increases with t 1, we conclude that the right handt
Ž . Ž .  tside of 3.1 increases with t 0. Since b implies h  2 , we concludeK
Ž .that if this right hand side of 3.1 is less than or equal to 1, then t 3.
Ž .Second, assume that K satisfies condition a and that t 2. In this2
case we have f  p and f  23pq  q . Then f  23 and d F K 2 t K t K
2 2 6 2 Ž .f f  5 f  2  5   . Using 2.1 , we obtainK F K t
 3'h 4 e 2 2 K t 1  with   .t tt 2 214 3 t 32 3ež /'5 2  2 log 2   0.05Ž .Ž .t t
3.2Ž .
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Since the series  increases with t 1, we conclude that the right handt
Ž . Ž .  tside of 3.2 increases with t 0. Since b implies h  2 , we concludeK
Ž .that if this right hand side of 3.2 is less than or equal to 1, then t 3.
2 14 'Ž . Ž .By using 2.1 ,   1 4 e  5 f , and the bound h  8, we canK K K
4obtain the bound f  4  10 .K
THEOREM 3.2. There exist exactly 13 imaginary cyclic quartic CM fields K
Ž . Ž .satisfying the conditions a and b in Theorem 1.1, namely, the fields
Ž . Ž .'K  n p n q  q with class number h gien in the follow-' 0 1 t
ing table:
K p  n h0
' 'Ž .  2 2 2 1 2 1 1' Ž .
'1 5'Ž .  5 2 5 5 1 1' Ž .
2
'3 13'Ž .  13 2 13 13 1 1' Ž .
2
'5 29'Ž .  29 2 29 29 1 1' Ž .
2
' 'Ž .  37 6 37 37 6 37 1 1' Ž .
'7 53'Ž .  53 2 53 53 1 1' Ž .
2
'39 5 61'Ž .  61 6 61 61 1 1' Ž .
2
' 'Ž .  5 2 2 2 1 2 5 2' Ž .
'1 5'Ž .  5 5 5 2 2' Ž .
2
'1 5'Ž .  13 5 2 5 5 13 2' Ž .
2
'1 5'Ž .  17 5 2 5 5 17 2' Ž .
2
'3 13'Ž .  13 3 13 13 2 2' Ž .
2
'3 13'Ž .  5 13 2 13 13 5 2' Ž .
2
Ž . Ž .Proof. From Proposition 3.1, if K satisfies the conditions a and bi
Ž .  	 
i 1 or 2 , we have h  1, 2, 4, or 8. In 4 Park and Kwon determine allK
nonquadratic imaginary cyclic number fields of 2-power degree with rela-
tive class number  20. Hence, in this case, it is enough to search the
	 
desired fields in 4, Table 1 .
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Ž . Ž .Next we assume that K satisfies the conditions a and b . Since the3'Ž .class number of F 2 is one, the ideal class group C of K isK
Ž . t Ž 	 
. 	 
isomorphic to 2 see 3, Proposition 4.5 . In 2 Louboutin deter-
mines all nonquadratic imaginary cyclic number fields of 2-power degree
with ideal class group of exponent  2. Therefore we can find all the
	 
desired fields in 2, Theorem 13 . This completes the proof.
THEOREM 3.3. Let A be the moduli space of principally polarized abelian2
surfaces. Then in A there exist precisely 19 -rational points corresponding to2
the abelian surface whose endomorphism ring is isomorphic to the ring of
integers of a quartic CM-field.
Proof. Let K be a quartic cyclic CM-field and let A be an Abelian
Ž .surface such that End A  o . We fix an injection : K, a generatorK  0Ž . Ž . of Gal K , and an isomorphism  : KEnd A . Let  : K
Ž Ž ..End Lie A be the representation corresponding to  . Then  is equiva-
i j Ž .lent to    for some i, j 0 i	 j 3 . Since the condition
Ž . Ž . Ž . Ž . Ž . Ž .1.2 holds, we have i, j  0, 1 , 0, 3 , 1, 2 , or 2, 3 . Changing  by
 if i , j  0, 1 ,Ž . Ž .
 if i , j  0, 3 ,Ž . Ž .
   3 if i , j  1, 2 ,Ž . Ž . 2 if i , j  2, 3 ,Ž . Ž .
 4we may assume that  is equivalent to   . Put  ,  . Then
2 ˜ Ž .A is isomorphic to    for some  I . It holds that for anyK
2 ˜ 2 ˜Ž . Ž . ,  I ,    and    are isomorphic if and only if  and K
Ž 	 
.are in the same ideal class see 6, Theorem 2 . Therefore we obtain 19
abelian surfaces from the fields in Theorem 3.2. For each of these abelian
surfaces, we can construct a principal polarization by giving 
 in Section 2
Ž .concretely. In our case, it holds that N  1. So any totallyF 0
2 k k Ž k . positive unit of F is of the form      . Hence any two principal0 0 0
Ž 	 
.polarizations are isomorphic see 5, Satz 3.16; 6, Corollary 1 . This
completes the proof.
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